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Abstract
The notion of balanced bipartitions of the vertices in a tree T was introduced and studied by
Reid (Networks 34 (1999) 264). Reid proved that the set of balance vertices of a tree T consists
of a single vertex or two adjacent vertices. In this note, we give a simple proof of that result.
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1. Introduction
For a tree T , V (T ) denotes the vertex set of T . For each vertex x in T , let P(x)
denote the set of all pairs of subtrees of T such that x is the only vertex in common
to the pair and the union of the vertex sets of the pair is V (T ). For (T1; T2)∈P(x),
de9ne bal(x : (T1; T2)) to be |
∑{d(x; y) : y∈V (T1)} −
∑{d(x; z) : z ∈V (T2)}|, the
absolute value of the di;erence of the sum of the distances between x and all vertices
in T1 and the sum of the distances between x and all vertices in T2. De9ne bal(x)
to be the integer given by min{bal(x : (T1; T2)) : (T1; T2)∈P(x)}. We call bal(x) the
balance (in T ) at the vertex x. Let B(T ) = {x : x∈V (T ) and bal(x)6 bal(y) for all
y∈V (T )} be the set of all vertices of T with smallest balance. We call the vertices
in B(T ) the balance vertices (of T ).
It is well known [3] that the center vertices of a tree consist of a single vertex or
two adjacent vertices and that the median vertices of a tree (which are the same as the
centroid vertices [9]) consist of a single vertex or two adjacent vertices. Many other
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central sets of vertices in trees (and other graphs) have been studied in [1,2,4–6,8]. In
[7], Reid 9rst observed that balance vertices need not to be center vertices or median
vertices. In fact, it was shown that there exist trees in which a median vertex, a balance
vertex, and a center vertex can be arbitrarily far apart. Furthermore, the author proved
that the set of balance vertices of a tree consists of a single vertex or two adjacent
vertices. The proof involves a type of “double orientation” on the edges of a tree. In
this note, we give a shorter proof of that result.
2. The set of balance vertices in trees
We 9rst give a lemma which we shall use in the short proof of the theorem.
Lemma 1. Let T be a tree. Suppose e=uv is an edge of T such that bal(u)6 bal(v).
Then bal(v)¡ bal(w) for every vertex w = u adjacent to v.
Proof. Assume (T1; T2)∈P(u); (T ′1; T ′2)∈P(v), and (T ′′1 ; T ′′2 )∈P(w) such that
bal(u) = bal(u; (T1; T2)) =
∑
y∈V (T1)
d(u; y)−
∑
z∈V (T2)
d(u; z);
bal(v) = bal(v; (T ′1; T
′
2)) =
∑
y∈V (T ′1 )
d(v; y)−
∑
z∈V (T ′2 )
d(v; z);
bal(w) = bal(w; (T ′′1 ; T
′′
2 )) =
∑
y∈V (T ′′1 )
d(w; y)−
∑
z∈V (T ′′2 )
d(w; z):
Let Tu; Tv denote the subtrees of T−{uv} containing u; v, respectively. Let T ′v ; T ′w denote
the subtrees of T − {vw} containing v; w, respectively. We consider two possibilities,
depending on whether v∈V (T1) or v∈V (T2).
Case 1: v∈V (T1).
Then
bal(u) =
∑
y∈V (Tv)
d(u; y) +
∑
y∈V (Tu)∩V (T1)
d(u; y)−
∑
z∈V (Tu)∩V (T2)
d(u; z): (1)
Let
R=
∑
y∈V (Tv)
d(u; y);
S =
∑
y∈V (Tu)∩V (T1)
d(u; y);
W =
∑
z∈V (Tu)∩V (T2)
d(u; z):
So, Eq. (1) is
bal(u) = R+ S −W: (2)
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We claim that W ¿ S. Suppose to the contrary that W ¡S. Then R+W−S ¡R+S−W .
This is a contradiction to the de9nition of bal(u) if R + W − S is non-negative. If
R + W − S ¡ 0, then 0¡S − R − W ¡R + S − W (since R¿ 0), which again is
a contradiction to the de9nition of bal(u). Furthermore, we distinguish two subcases,
depending on W ¿R or W ¡R.
Case 1.1: W ¿R.
Then u∈V (T ′1); u∈V (T ′′1 ) and
bal(v) =
∑
y∈V (Tu)
d(v; y)−
∑
z∈V (Tv)
d(v; z);
bal(w) =
∑
y∈V (T ′v )
d(w; y)−
∑
z∈V (T ′w)
d(w; z):
Since V (Tu) ⊂ V (T ′v) and d(v; y)¡d(w; y) for y∈V (Tu), V (T ′w) ⊂ V (Tv) and
d(w; z)¡d(v; z) for z ∈V (T ′w). So, we have bal(v)¡ bal(w).
Case 1.2: W ¡R and W ¿ S.
We claim that u∈V (T ′1). Otherwise, u∈V (T ′2), then
bal(v) =
∑
y∈V (Tv)∩V (T ′1 )
d(v; y)−
∑
z∈V (Tv)∩V (T ′2 )
d(v; z)−
∑
z∈V (Tu)
d(v; z): (3)
Let
A=
∑
y∈V (Tv)∩V (T ′1 )
d(v; y);
B=
∑
z∈V (Tv)∩V (T ′2 )
d(v; z);
C =
∑
z∈V (Tu)
d(v; z):
So, Eq. (3) is
bal(v) = A− B− C: (4)
Since V (Tv) ∩ V (T ′1) ⊂ V (Tv) and d(u; y)¿d(v; y) for y∈V (Tv), it follows that
A¡R. Moreover, since V (Tu) ∩ V (T2) ⊆ V (Tu) and d(v; z)¿d(u; z) for z ∈V (Tu), it
also follows that W ¡C. Thus A−C¡R−W . Combining this with (2) and (4), we
have that bal(v) = A − B − C¡R + S −W = bal(u), a contradiction. So, u∈V (T ′1)
and
bal(v) = C + A− B: (5)
Similarly, we have u∈V (T ′′1 ), and
bal(w) =
∑
y∈V (T ′v )
d(w; y) +
∑
y∈V (T ′w)∩V (T ′′1 )
d(w; y)−
∑
z∈V (T ′w)∩V (T ′′2 )
d(w; z): (6)
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Let
E =
∑
y∈V (T ′v )
d(w; y);
F =
∑
y∈V (T ′w)∩V (T ′′1 )
d(w; y);
G =
∑
z∈V (T ′w)∩V (T ′′2 )
d(w; z):
So, Eq. (6) is
bal(w) = E + F − G: (7)
From (5) we deduce that
A6C + B:
Suppose to the contrary that A¿C + B. Since C¿ 0, it follows that A− (C + B)¡
C + A− B= bal(v), this contradicts the de9nition of bal(v). So,
bal(v)6B+ C − A (8)
If w∈V (Tv)∩V (T ′2), then V (Tu)∪ (V (Tv)∩V (T ′1)) ⊆ V (T ′v) and d(w; y)¿d(v; y) for
y∈V (T ′v), hence C+A¡E. Also, since V (T ′w) ⊆ V (Tv)∩V (T ′2) and d(v; z)¿d(w; z)
for z ∈V (T ′w), it follows that G¡B. Thus C + A− B¡E − G. Combining this with
(5) and (7), we have bal(v)=C +A−B¡E+F −G=bal(w). If w∈V (Tv)∩V (T ′1),
then V (Tu) ∪ (V (Tv) ∩ V (T ′2)) ⊆ V (T ′v) and d(w; y)¿d(v; y) for y∈V (T ′v), hence
B + C¡E. Also, since V (T ′w) ⊆ V (Tv) ∩ V (T ′1) and d(w; z)¡d(v; z) for z ∈V (T ′w),
it follows that G¡A. Thus B+C −A¡E−G. Combining this with (7) and (8), we
again obtain that bal(v)6B+ C − A¡E + F − G = bal(w).
Case 2: v∈V (T2).
Then
bal(u) =
∑
y∈V (T1)
d(u; y)−
∑
z∈V (T2)∩V (Tu)
d(u; z)−
∑
z∈V (Tv)
d(u; z):
This implies u∈V (T ′1) and u∈V (T ′′1 ). So,
bal(v) =
∑
y∈V (Tu)
d(v; y)−
∑
z∈V (Tv)
d(v; z);
bal(w) =
∑
y∈V (T ′v )
d(w; y)−
∑
z∈V (T ′w)
d(w; z):
Since V (Tu) ⊂ V (T ′v) and d(v; y)¡d(w; y) for y∈V (Tu), and V (T ′w) ⊂ V (Tv) and
d(w; z)¡d(v; z) for z ∈V (T ′w), then bal(v)¡ bal(w). The lemma follows.
Theorem 2. The balance vertices of a tree consist of a single vertex or two adjacent
vertices.
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Proof. Let T be a tree. The result is trivially if T has only one vertex. So, as-
sume in the following that T has two or more vertices. Assume that balance vertices
u1; u2 are not adjacent vertices, then there exists a u1–u2 path: u1w1w2 : : : wlu2. By
Lemma 1, bal(u1)6 bal(w1)¡ bal(w2)¡ · · ·¡ bal(u2), a contradiction. The theorem
follows.
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